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SERT IT SPACECRAFT ATTITUDE RES PONSE

by Bruce E. LeRoy, John D. Regetz,
and Robert R, Lovell

Lewis Research Center

SUMMARY

This report presents an analysis of the SERT II attitude response. Detailed anal-
yses of magnetic, solar pressure, and ion thruster disturbance torques are presented.
The attitude responses indicated by linearized equations of motion and a complete simu-
lation of the satellite are compared to flight data. The discrepancies between flight and
predicted data are attributed to errors in the estimation of satellite magnetic moments.
The use of magnetic moments derived from the flight data resulted in a good correlation.
Thrust vector orientation of the ion engines was a potential problem before the flight,
so the capability of gimbaling the ion engines was provided. In flight, however, the mis-
alinements were found to be small and no corrections of the thrust vector orientations
were made.

INTRODUCTION

The SERT 1II spacecraft (Space Electric Rocket Test) was launched on February 3,
1970, into a near-polar ''sun-synchronous'' orbit. The primary mission objectives
were a 6-month life test of a mercury-bombardment ion thruster system and the deter-
mination of the thruster system operating characteristics in a space environment.
Power for the experiments and housekeeping was provided by two foldout solar panels,
which are rigidly fixed to the body.

The orbiting vehicle consists of an Agena with the solar arrays mounted to the aft
equipment rack and the spacecraft and spacecraft support unit mounted to the forward
equipment rack. The inertial distribution of this configuration is such that it is gravity-
gradient stabilized, The axis of minimum moment of inertia normally alines with the
local vertical, and the axis of maximum moment of inertia alines with the orbit plane
perpendicular, Two control moment gyroscopes (CMG's) are added to provide rate



damping. After orbit injection, the spacecraft is initially oriented by the Agena cold
gas attitude control system.

This report presents an analysis of the SERT II attitude response. Preflight esti-
mates of attitude perturbations and the resulting satellite response are compared to
actual flight data. Based on the flight data, the satellite magnetic moments are calcu-
lated and compared to measurements taken on the ground. The satellite response to ion
engine misalinements is also analyzed and estimates of the misalinements cbtained.

The report derives in detail the solar pressure, magnetic, and ion thruster mis-
alinement torques. Although gravity-gradient control moment gyro stabilization is not
new (refs. 1to 4), the report derives the satellite equations in a form different from

those in the references.

CONFIGURATION AND AXIS SYSTEMS

The orbiting vehicle consists of an Agena with solar arrays mounted to the aft
equipment rack and the spacecraft and spacecraft support unit (SSU) mounted to the for-
ward equipment rack. As shown in figure 1, the ion thrusters are mounted to the space-
craft and alined so that their thrust vectors pass nominally through the vehicle center
of mass. Two control moment gyroscopes (CMG's) are mounted in the spacecraft sup-
port unit.

Three body-centered axis systems are used in this report. They are the reference
axis system, the geometric axis system, and the body (or principal) axis system. The
reference axis system is defined as follows: the XR axis is perpendicular to the earth-
satellite radius vector, in the orbit plane, and positive in the direction of the satellite
velocity vector; the YR axis is perpendicular to the orbit plane and opposite in sense
from the orbit angular momentum vector; the ZR axis is in the orbit plane and oppo-
site in sense from the radius vector. Figure 2 shows the relation between this coor-
dinate system and the earth. The geometric axis system is fixed in the satellite and is
defined as follows: the XG axis is perpendicular to the longitudinal axis of the Agena
and parallel to the longest edge of the solar arrays and, when the satellite is properly
oriented, is positive in the direction of the orbit velocity; the YG axis is perpendicular
to the longitudinal axis of the Agena and perpendicular to the plane of the solar arrays;
the ZG axis is along the longitudinal axis of the Agena and is positive in the direction
of the spacecraft support unit. Figure 2 also shows the satellite orientation when the
two coordinate systems are coincident. The body (or principal) axis system is defined
by the principal moments of inertia. The x axis (roll axis) is the axis of intermediate
moment of inertia. The y axis (pitch axis) is the axis of maximum moment of inertia,
and the z axis (yaw axis) is the axis of minimum moment of inertia. Figure 3 shows
that the body and geometric coordinate systems are nearly coincident. Using the com-
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puter program described in reference 5, the direction cosine matrix relating the body
and geometric systems is found to be

X 1.000 -0.0010  0.0024Y[xX
yl=1|0.0010 1.0000 o0.0080|Y (1)
z -0.0024 -0.0080  1.0000JLZJ;

(All symbols are defined in appendix F.)

The principal (or body) coordinate system and the reference system are related by
three Euler angles (/, 8, ¢). As shown in figure 4, the yaw angle iy is a rotation
about ZR, the rotation about y' is a pitch angle 6, and the rotation about x'' isa
roll angle ¢. These three angles are used to define the satellite attitude with respect
to the reference coordinate system. The two coordinate systems are related by

X Cy Co Sy Co -S6 X
y] = |CY¥ S8 S¢ - Y Co Cy Cop + SO Sp S CosSpl||lY (2)
Z Cy 80 Co + Y S Sy S8 Cy - Cy Sp Co Co. Zlp
The orientation of CMG axes with respect to the body axes is shown in figure 5.
Electromagnetic torquers are used to maintain the spin reference axes in the '"'V'' con-
figuration +28° from the negative pitch axis.

Table I gives the SERT H vehicle and orbit parameters, and table II gives the CMG
parameters.

SATELLITE DISTURBANCE TORQUES

A complete analysis of solar pressure, magnetic, and ion thruster misalinement
torques is given in appendix A. For a linearized analysis, we note here the estimated
solar pressure and magnetic torques.

Solar Pressure

In appendix A, the solar pressure torque is calculated in two parts. Torque from
solar pressure on the solar array is considered separately from the torque due to solar



pressure on the Agena-spacecraft. Under some simplifying assumptions (small Euler
angles, coincidence of the geometric and principal axes), it was found that the torque
from solar pressure on the Agena-spacecraft was an order of magnitude smaller than
the torque due to the solar array. Since the torque from the Agena-spacecraft tends to
cancel the torque from the solar array, a ""'worst case'' analysis may be made by con-
sidering only the torque from the solar array. In component form, the solar array
torque is given below.

The estimated maximum roll torque occurs when the apparent sun declination § is
Zero:
T, = -3.40x10™% N-m (3)
The estimated maximum constant pitch torque occurs when & = 0 and the yaw angle
is #0. 1 radian:

T, = 2. 26x10™9 N-m (4)

The estimated sinusoidal pitch torque of maximum magnitude occurs when § = 30° (the
maximum apparent declination):

_ =5 .o
Ty =9.82x10"" sin wit (5)

Magnetics

The estimated magnetic torques are found from the approximated earth field given
in appendix A and the estimated satellite dipole given in appendix B.
The approximate earth field in the body axis system given by equation (A31) is

0. 1965 cos (.o"(;t-w

0.03 oersteds (6)

o
I

. *
0.3915 sin wotj

From appendix B the worst-case satellite dipole moments are

~9. 8x104

o = [-8. 2x10% [A-cm?

-9. 8x10%



Then from equation (A30) the estimated magnetic torque is

-3. 21x10° sin wkt + 2. 94x102 ]

Tp = 4, 29><103 cos w’gt dyne-cm (7a)

1. 611x10% cos w*t - 2. 94x102
. (o] o

or

4

-3.21x107% sin wit + 2. 94x1072

Tp = 4.20x10™* cos wit N-m (7b)
1.61x10"4 cos WAL - 2. 94x10~

Equations (3), (4), (5), and (7) are used to estimate the satellite attitude response.

SATELLITE ATTITUDE CONTROL TORQUES

A complete analysis of gravity-gradient CMG control is given in appendix C. The
linearized control torques in the body (principal) axis system are

Linearized gravity-gradient torques:

ngx = 3(w0) (Iyy Izz)cp (8a)
T, .= -3, - 1,)6 (8b)

gey o ]Xx ZZ
ngZ =0 (80)

Linearized Euler. cross-~coupling torques:

Ty = ~WHH - L) (92)

ccx o Vyy  Tzz
chy =0 (9b)
I (5, L S (9¢)

ccz o Ly'y XX
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- Linearized CMG torques:

ToMGX = -h[zq'/ cos 28° + 2w cos 28° + w’; cos 280(0r1 + 02)] (10a)
T = -h2 sin 280[2é sin 28° - w*(o, - 0,)cos 28° - 4e sin 28° cos w*t
CMGY = "7~ 091~ %2 COS Wotl  (10b)
T = - -lf cos228° w¥(oq + 0,) + 2 + 20%0 | + 2he cos 28° - 2hw*Y cos 28°
CMGZ ~ 0?1t 92 o? @ o

¢ (10c¢)

Equations (8) and (9) show that restoring torque exists about all three principal
axes. Equation (10) shows that the CMG's directly damp pitch and yaw rates and pro-
vide additional restoring forque about the yaw axis. Equation (10a) is misleading as
shown for it appears that the CMG's provide restoring torque about the roll axis. A
transient restoring torque in roll exists due only to CMG lags. If it were possible to
maintain a constant roll offset while holding pitch and yaw offsets to zero, each CMG
gimbal angle would attain a steady-state position of -¢. Thus the second and third
terms of the equation cancel. Although roll rates are not damped directly, the roll axis
is the axis of intermediate moment of inertia, and roll energy will be cross coupled
into the pitch and yaw axes. Thus, complete three-axis control is accomplished with
gravity-gradient CMG torques.

SPACECRAFT RES PONSE
Linearized Equations of Motion

Pitch. - Appendix C derives the linearized equations of rotational motion of the
SERT II satellite. From equation (C28) we see that only pitch motion is affected by
eccentricity. Using the parameters in table I, we find the pitch eccentricity response
to be sinusoidal with a zero-to-peak magnitude of

|9| =5.04¢ for ¢ = 2.25 (N)(m)(sec) (11a)
|9| =4.16 e for ¢ =4.5 (N)(m)(sec) (11b)

Equations (C28) are also used to find the steady-state pitch response to constant and
sinusoidal disturbances. Assuming e = 0, the steady-state step torque response is

given by
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T
O y =56.6 T (12)

tep = y
- 3(w3)2(1xx - 155

where Ty is in newton-meters. The steady-state frequency response magnitude is
given by

|66l = 197.8|Ty] for ¢ = 2.25 (N)(m)(sec) (13a)
IGSS| =172, 7 |Ty| for ¢ = 4.5 (N)(m)(sec) (13b)

Roll. - Equations (C29) are used to find the steady-state roll response to step and
sinusoidal disturbance. The step response is given by

TX
=30.2 T, (14)

4wH A1y - 1,,)

¢ step

where T; is in newton-meters. The steady-state frequency response magnitude is
given by

|¢SS|TX=40.3|TXI (15)

,¢SS|TZ = -j 40. 3|Tz| (16)
where Ty and T, are in newton-meters.

Equations (15) and (16) show that the roll response to sinusoidal roll torque is 90°
out of phase with the roll response to sinusoidal yaw torques.

Yaw. - Equations (C29) are also used to find the steady-state yaw response to step
and sinusoidal disturbances. The step response is given by

TZ
Wy = =96.9T, (17)

step
(w’g)z(lyy - 1) + 2hw* cos 28°

u

- J
L
U
'.w’"é
s

A



where Tz is in newton-meters. The steady-state frequency response magnitude is

given by

stslTX = 40.3|T_| (18)

'wSSlTZ = 286, 3|Tzl for c = 2.25 (N)(m)(sec)

(19)
=207.1|T,|  for c= 4.5 (N)(m)(sec)

where T, and T, are in newton-meters. As in the roll case the yaw response to T,
is 90° out of phase with the yaw response to Tz'

Results from Linearized Equations of Motion

Equations (11) to (19) may be used to estimate the satellite response to various

disturbances.
Eccentricity. - Using equation (11), we find the maximum response magnitude for

the worst-case eccentricity of 0. 005 is
l6| = 0.0252 radian = 1. 44°

Solar pressure. - Equations (3) to (5) are used to estimate the solar pressure ef-
fects. From equations (14) and (3), the maximum roll offset from solar pressure is

@ gy = -1.027x10™2 radian = -0.59°

From equations (12) and (4), the maximum constant pitch offset is

6 = 41, 279x10"3 radian = <0, 07°
From equations (13) and (5), the maximum pitch oscillation is
|6] = 1. 94x10"2 radian = 1. 11°

Geometric axis misalinement. - Appendix C shows that the attitude is stable and
will aline the principal axes with the reference axes. The horizon sensors are alined




with the geometric axes and will record a roll and pitch offset when the principal axes
are alined properly. From equation (1), we see that these offsets are

@

-0. 008 radian = -0, 46°

(e
]

0. 0024 radian = 0, 14°

¥ = +0. 06°

Magnetics. - Equation (7) is used to estimate magnetic effects. Using equations
(12) to (19), the satellite response to magnetic torques is

|6 | = 4.86°

|@step| = 0.05°

I‘pSSITx

0. 74°
lq’SSITz =-0.37°

0o
|1pstep] =0. 16

<
w
L
3
|

= 0.74°

= 2.64°
[Vss|y
Total effects. - Assuming all pitch sinusoidal disturbances are in phase, the maxi-
mum piteh frequency response amplitude is
6 =17.41°
| 58 'max

The maximum constant pitch offset seen by the horizon sensors consists of geometric
axes misalinements and solar pressure effects

'estep|max= 0.21°




The maximum roll oscillation magnitude is

EMIELES

The maximum constant roll offset seen by the horizon sensors consists of geometric
axes misalinements, solar pressure, and magnetic effects.

. o
|¢Step|max =-1.10
The maximum yaw oscillation magnitude is
=2.74°
(I’DSS ‘max
The maximum constant yaw offset is
= 0.22°

|wsteplmax

The response indicated above is the worst-case response found using the linearized
equations of motion. The pitch frequency response magnitude appears to be the one item
worthy of concern. If the magnitude is as given, only a small steady-state offset is
allowed before the pitch angle exceeds the linear range of the horizon sensors (:}:100).
This is particularly important if the ion engines are initially misalined. However, the
simulated response, described in the following section, showed that the pitch oscillation
magnitude is approximately 40, a tolerable value.

Predicted Response

Appendix D briefly describes the analog and digital simulations of the satellite dy-
namics. If it is assumed that the satellite dipole is

-9. 8x10%

= |-8. 2x10%| A-cm?
-9. 8x104

and that the CMG gain is h/c = 2.0, the satellite steady-state attitude response was

10



simulated. Figure 6 shows the worst-case predicted response compared to actual flight
data.

The magnitudes of the simulated attitude and CMG angles are all larger than the
flight data. The simulation graph is keyed on the pitch response. So with the simulated
pitch response in phase with the flight data, all other simulated responses are out of
phase with the flight data.

The flight data shown in figures 6 and 7 are from one orbit during the first month
of the mission. The data do not repeat exactly from one orbit to another, but the differ-
ences are minor. The magnitude of the pitch oscillation is the parameter which varies
the most. The variation is less than 10, and this may be attributed to a changing ori-
entation of the earth's magnetic dipole. The response repeats over a 24-hour period.

The flight data are shown in steps since the parameters are sampled, and the values
held for 1-minute intervals. In addition, the telemetry system quantizes the data so that
pitch readings from the horizon sensors appear at 0. 5° steps with the associated reso-
lution of 0. 25°. The roll steps are 0. 4° and the roll resolution is 0. 2°. Since the
CMG gimbal angle variation is large (~ 1300) and the allowed number of discrete steps
is fixed (~60), the gimbal angle step size is approximately 1. 20° and the resolution
is 0.6°,

RESULTS FROM FLIGHT DATA

Magnetic Moment Estimation

Estimation of the satellite magnetic moment could be easily accomplished if flight
data on all three Euler angles were available. Since direct measurement of the yaw
angle is not possible, CMG information is used. From equations (C29), the steady-
state frequency response magnitude of the CMG gimbal angle sum is given by

|c"| = 232.6 T, for c¢ = 2.25 (N)(m)(sec)
(20)

116.6 T, for c = 4.5 (N)(m)(sec)
where o' = 04+ 09 and Tz is in newton-meters.

If we assume that the earth's magnetic field in the body axis system is given by
equation (6), equation (A30) may be approximated by

11



- . * -
py(O. 03915 sin wot)
Tg = |p,(0.01965 cos w}t) - p,(0. 03915 sin wit) | dyne-cm (21)
*
] py(0. 01965 cos wet) |

where E is in ampere—cm2 and the terms containing Hy are neglected. From equa-
tions (15) and (18) the roll frequency response magnitude is given by

o | = 40.3 Y12+ T2 (22)

where T, and T, are in newton-meters.

Although the expected eccentricity was 0. 005, the achieved eccentricity was 0. 0003,
hence, the pitch oscillation magnitude is assumed to be a result of magnetics and solar
pressure. Ground test of CMG's showed a high probability of CMG operation near a
gain of 2, Thus, assuming the CMG gain is 2.0, equations (13), (20), and (22) may be
solved for the magnitude of the disturbance torques:

|Ty| = 5.056x1073[6| N-m (23a)
T, | = 4.3x107%|o"| N-m (23b)
T, |2 =6.16x107%]¢ |2 - |T,|% N-m (23¢)

Using the flight data and solving equations (23) gives

T, | =2 38x10"¢ N-m (24a)
T, =9.53x107° N-m (24b)
T | = 1.97x107% N-m (24c)

From equation (21),

| T, | =0. 03915|py|

12
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and
|T,| =0. 01965]py|
The average of the two estimates of py is

log| = 4. 94x10% A-cm?

The flight data shown in figures 6 and 7 were recorded when the sunline deviation
from orbit normal was large. Thus, the pitch response is subject to both solar and
magnetic torques. Since the sunline deviation was approximately 300, the pitch torque
due to solar pressure was found to be 8. 85x10~5 newton-meter. Assuming the solar
and magnetic torques are in phase, the pitch magnetic torque is

T, = 1. 495x10"%4 N-m
Now assuming |p.| = |p,| = p,
|Ty| = 0.0438 p

and the initial estimates of |p, | and |p,]| are

log| = |o,| = 3.41x10% A-cm?

The polarity of the magnetic moments may be determined by observing the roll and
pitch angles when the satellite is near the north magnetic pole and the magnetic equator.
The resulting estimated total dipole is

3. 41x10%

= |-4. 94x10% | A-cm 2 (25)
4

Py
-3. 41x10

Figure 7 shows the simulated response using the estimated dipole. The figure
shows good agreement of roll and pitch angles between the simulated and flight data.
The simulated 04 response is of the proper magnitude and phase but is offset from the
flight data. The offset may be due to an incorrect torquer torque level. The torquers
are not regulated but are subject to temperature and current variations. The simulated
09 response shows the CMG input rates are sufficiently small that stiction prevents

13



motion. The simulated 09 response is offset from the flight data, but its offset is not
as large as the oy offset.

The dipole in equation (25) is a good approximation to the true dipole. Varying the
roll and yaw magnetic moments will change the simulation from that shown in figure 7.
However, these changes are of such a nature that the approximation to flight data may
not be considered improved.

Using the spacecraft/SSU dipole given in appendix B, the resulting Agena/solar ar-
ray dipole is

3. 41x10% + 2. 27104 5. 68x10%
o =|-4.94x10% + 1. 11x10% | = |-3. 83x10% | A-cm?
-3.41x10% + 2.33x10%]  |-1.08x10%

lon Engine Response

The simulations described in appendix D were used to determine acceptable ion en-
gine thrust misalinements. It was found that if lal and/or | BI were approximately 4°
with the engine operating at full thrust, the satellite's step response stability limit was
exceeded and the satellite would tumble. To avoid this problem, provisions were made
to allow the engines to operate at 30, 80, and 100 percent thrust levels. In addition,
each engine was mounted on a gimbal system capable of correcting a thrust error as
large as +10% in the @ or B axes. Thus corrections were to be made to each thrust
level to avoid exceeding the stability limit.

It was found, however, that the thrust vectors were reasonably well alined and no
gimbaling of the engines was performed. ¥ the ion thrust misalinement is small (@ < 10°
and 8= 100), the roll and pitch misalinement torques given in equation (A38) may be
approximated by

Ty=-l,Fsing (26a)

_ ‘, 2 2 .
Ty--F lx+lzs1nacosB (26b)

If the Euler angles 9 and ¢ are also small, equations (12), (13), and (26) may be used
to find the thrust misalinements.

Figure 8 shows the steady-state roll and pitch horizon sensor readings before and
after the thrusters were started. Before the thrusters were started, the steady-state

14
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offsets were

6 = +0. 20° (27a)

@ = -0.65° (27h)
The offsets were found by averaging the horizon sensor data over the orbit.

After the
fore thruster was started and operating at 100 percent thrust, the horizon sensor read-
ings showed steady-state offsets of

6 = -1. 96° (28a)
¢ = -1.85° (28b)
The offsets given in equations (27) are assumed to be the satellite response to principal
axis misalinements, solar pressure, and magnetics. Thus the roll and pitch response
to the thruster is
6 = -2.16° (29a)
o = -1.20° (29D)
Using equations (29), (26), and (14) and the parameters in table II gives
B =0.51° (30)
Now using equations (12), (26), (29), and (30) and solving for « gives
a = 0. 48° (31)

After the aft thruster was started and operating at 100 percent thrust, the horizon sensor
readings showed steady-state offsets of

6 = +1.20° (32a)

@ = -0.35° (32b)

15



Following a similar procedure gives the misalinements as
g =-0.13° (33a)

a = -0.22° (33b)

CONCLUDING REMARKS

This report has presented an analysis of the SERT II attitude response. The mag-
netic, solar pressure, and ion thruster torques were examined in detail. The analysis
and simulation predicted an attitude response tolerable to mission objectives and did not
reveal any instabilities under normal operation. The analysis, however, did show a
potential instability due to thruster misalinement. The potential instability was elim-
inated by providing gimbaling for the ion thrusters.

Flight data compared to the predicted response showed that the analysis was correct
within the tolerances on such parameters as magnetic moments, inertias, CMG gains,
etc. Flight data were used to estimate the magnetic moments. The simulated response
using the estimated moments showed good agreement with the flight data. Further im-
provement of flight and simulation data agreement is unlikely unless the earth's mag-
netic field model is improved and the CMG parameters are more accurately known.

Lewis Research Center,
National Aeronautics and Space Administration,

Cleveland, Ohio, April 6, 1971,
120-26.
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APPENDIX A

SATELLITE ENVIRONMENT AND DISTURBANCES

To estimate or model the satellite attitude response, it is necessary to analyze the
spacecraft environment and possible attitude disturbances. It was found that solar pres-
sure torques, magnetic torques, torques from principal axes - geometric axes misaline-
ments, and ion thruster misalinement torques would produce attitude response detect-
able by the onboard horizon sensors. Other sources of attitude errors were found to be
negligible.

Solar Pressure

Derivation of torque equations. - For purposes of solar pressure analysis, the ve-
hicle is considered to be a cylinder and a plate. The aft equipment rack and spacecraft
geometric irregularities are ignored. References 6 and 7 give the differential force on

the differential area to be
dF = {(1 +RGE - %+ (1-RE - ﬁ)[ﬁ x (8 x ﬁ)]}(- P_)dA (A1)

The differential torque is given by

dT =,

g X dF (A2)

The apparent sun motion as viewed from the spacecraft is a circle if the body angles
are zero. We define an Xp, Yp, Zg System coincident with the reference axis system
at sqme point in the orbit such that a simple rotation about the XiB axis places the new

Y axis (YS) along S. This is illustrated in figure 9. The Xy, Y;B, Zg and Xg, Yg,
ZS systems are related by

X7 1 0 0 X
Yl =}0 cos & -sin 6]] Y (A3)
Z B 0 sin & cos 6 ]1LZ s

17
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The reference system and the X'B, Yl’3’ Zi3 system are related by

X cos(w t +7) 0 sin(w t +¥)[X '
Y| = 0 1 0 Y (A4)
zlg -sin(wot +7) 0 cos(wot +y B

where v is used as a phase angle to relate the systems in time.
The unit vector s in the S system is given by

o

Thus, in the reference system, the vector S becomes

sin § sin(wot +7v)

cos &

w»
by

sin & cos(wot +y)

By using equation (2) and assuming that the body rotation angles are small, a vector in
the reference system may be found in the body system by

X 1 ¥ -oIX
yl=|-v 1 oY
z 8 - 1 ZR

Thus, in the body system, the vector § becomes

S6 S(wot +y)+y¢ Cd -8 S5 C(wot +7v)
sp = |-V 86 S(w t +7) +C6 + ¢ 86 Clwyt+7) (A5)
9 S5 S(wot +7) - Co+ S5 C(wot +7)
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For the solar panels, the vector n in the body system is

-0.0010

np = 1. 0000

-0, 0080

Thus, sg X hp = -0.001 S, + Sy - 0.008 SZ and

[ -5 -3 -6
Sx(l + 6.4x10 ) + 1x10 Sy - 8x107" 8,

fig X (8 xfig) = | 1x1073 5+ 6.5x107° 5, + 8x1073 g

-8x10-6 S, + 8x10"3 Sy +S,(1 + 1076 ]

where S, Sy’ S, are given by equation (A5). Substituting in equation (Al) and integrat-

ing over the area gives

Rl + R)(Sy - 0.001 S, - 0.008 Sz)(—0.00I)

+ (- R[51+6.4x107%) 4 1x107 5 - 8x1076 5,

_ J(l +R)(S, - 0.001 5, - 0.008 §,)
Fp = -PgA(S, - 0.001 S, - 0.008 S)) s " 3 > (A6)
+ (1 - R)(6. 5x10 8, +1x107° 5+ 8x107° §,)

1+ R)(Sy - 0.001 8, - 0.008 SZ)(—O.OOB)

i -6 -3 -6
L (1 R)[SZ(1+10 ) +8x1073 5 - 8x10 Sx] J

The solar panels are offset in the +Y geometric axis direction. Thus, the radius
vector to the panels' center of pressure in the geometric system is

'c = |fGgy
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Using equation (1) the radius vector in the body system is

[-0.001 gy +0.0024 1y B

rp = rgy * 0. 008 rGz =1lr

-0.008 r

+ T r
GY GZ J |2

=

and the torque on the body due to solar pressure on the solar panels is

Ty = f{(rsz - rZFy) + gr(rzFX -rF)) + i(rXFy - ryfx) (AT
To determine the solar pressure forces on the Agena and the spacecraft, we intro-
duce an additional coordinate system. The {, f, k system shown in figure 10 is a right-
handed coordinate system with the origin at the center of mass and with k along the
axis of the cylinder, i directed away from § such that the i-k plane contains §, and
f completes the set such that ] - s =0. The angles o' and B' are defined in fig-
ure 10.
In the f, 5, k system

-sin o’

-cos o'

=
i

and

-cos

0

w>
1

-sin A

The differential area is given by dA = r' da' dh'. Thus, equation (Al) becomes
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-sin o'
dF = -P (1 + R)(cos g' sin aw.')2 -cos o'

0

-cosza' cos B!
+ (1 - R)(cos B' sin a")|sin o' cos a' cos B'| pr' da' dh’ (A8)

-sin B
The moment arm to the differential area in the f, f, k system is

-r' sin o'

N ) '
I‘B = r COS «o
'

Thus, the differential torque from the differential area is
dT = f(-r' cos o' dFy - dF].) + jA(rk dF; + r' sin o dFk)
+ f((—r' sin o' dFj +7r'cos a' dFi) (A9)

where the components of dF are given in equation (AS8).
Integrating over the area exposed to sunlight gives the torque in the f, f, k system:

T= i(0) + f{PSr' cos S'h’ [rk cos ' (2 +‘—§ R) +12T r'(1 - R)sin B']} + k(0) (A10)

Now, a vector in the f, f, k system may be found in the geometric system
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po -l S S = -
X -sin (tan'1 iX) -COS8 Gan'l ﬂ) 0 Fi

Sy Sgy.
-1 5gx -1 5ax
Y|l = f{-cos{tan -~ —= sin{tan = —= U | B (A11)
Sgy Sgy
"ZJG e O 0 ‘1_ _l{.,

where SGX and SGY are the X and Y components of S in the geometric system.
Using equation (1) we find

SGX =8 + 0.001 Sy - 0.0024 S,

SGY = Sy - 0.001 Sy - 0. 008 S,

where Sx’ S _, SZ are the components of S in the body system and given in equa-
tion (AD).
Using equations (A10) and (All) we find the torque in the geometric system:

S -1 Sax 2 7
T, =X~ [-cosftan™ " == KP_r' cos g'h'|r, cos B'(2+Z= R} +Z r'(1 - R)sin '
G G S S k 3 2

GY,
< -1 Sgx 2 7 -
+ YG sinftan © —==|{P r' cos g'h'[r, cos B'(2+= R) +— r'(1-R)sin g + ZG(O)
S 3 2
GY,
(A12)
where

sin B' = ZG * 8g = S, + 0.0024 S, + 0.008 Sy

and

cos B' = Vl - sinZB'

Using equations (1) and (A12) we find the torque in the body system to be
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Tg = x(TGX -0.001 TGY) + y(TGrY + 0.001 TGX) + z(-0. 0024 Tgx - 0-008 TGY)
(A13)

Equations (A7) and (A13) give the total solar pressure torque on the satellite.
Approximate torque equations. - Estimation of the solar pressure torque is not
easily accomplished with the equations given. To estimate the torque from solar pres-

sure on the solar array we first assume that ﬁB is given by

0
ng = |1
0
then
sg - ﬁB=sy
and

The components SX and SZ are given in equation (A5). Using these approximations,
equation (A6) become

(1 - RS,
FB = -PAS | (1 + R)S; (A14)
(1-R)S,

Since we limit the sun declination to 30° or less, |Fy| will always be larger than
|F, | or |F,|. We may not, however, eliminate F, or F, from the approximation.
Since the panels' reflectivity is small (R ~ 0. 2), when § ~ 30° the force components are
all the same order of magnitude.
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For SERT II, the moment arm to the panels' center of pressure in the geometric
system is

[0 ] 0 0

=
1

il lierd 0.20 | meters or | 0.67 [ft

rGZJ -3.35 -11.0
In the body system, the moment arm becomes

-

[-0. 008 0
;B =10.18 |or ~ 0 meters
| -3. 35J -3. 35
0. 027] [0
=} 0.58 |or~1] 0 [}ft
[-11.0 | -11

Using the approximation to rg, equation (A7) becomes

Tp = x(-1,F,) + y(r,F,) + 2(0) (A15)

Noting that the Euler angles are small, we may approximate the force components
as

F, ~ -P_A(l - F) [ca S5 S(w t+y) + ¥ cza] (A16a)

] Fy, ~ ~PA(L + rR)C% (A16b)

where we have retained the most significant terms.
Letting
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A =17.65 m? (190 £t?)
P = 4.788x10™6 N/m? (1x1077 /it%
Y =10.1
R=0.2
we find that the maximum constant roll torque occurs when 6 =0 and is
T, = -3.40x10™% N-m = -2, 51x10™% ft-1b
The maximum constant pitch torque also occurs when 6 =0 and Y = £0.1 and is

T, = 2. 26x10° N-m = +1. 67x107° ft-Ib
The sinusoidal pitch torque of maximum magnitude occurs when 6 = 30° and is

T, = 9. 82x10”° sin(w’t +v) N-m
= 7. 24x107° sin(w¥t + ¥) ft-Ib

The roll torque for & = 30° becomes

T, = -2 55x10~ 4 N-m

~1.88x10" % £t-1p

These expressions provide an estimate of the torque due to solar pressure on the solar

panels.
To estimate the solar pressure effects on the Agena and spacecraft, we first assume

that the Euler angles may be neglected. Then the following relations apply:
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S S
X X tan § sin(w"(‘)t +7)
Sesy S
-1 SGX -cos b
-cos (tan =
S 2, x 2
GY, '/1-C (wgt +7)8%
S S5 S(w*t + )
sintan~1 ZGX 2
S

oY/ y1- 5% cwtt+y)

sin ' = 86 C(wpt +7)

cos B' = ‘ll - Szé Cz(w’gt +y)

We also assume that equation (A13) may be approximated by

[Tex] [Tx]
TB = |Tey = |7y

Now letting
r'=0.76 m (2.5 ft)
ry = -0.36 m (-1. 17 ft)
P_ = 4.788x1075 N/m? (1x107% 1/1t?)
R=0.8

2r'h' = 9. 01 m? (97 £t9)

and using these relations, we find T, and T from equation (A12). For 6 =0, the
torque due to solar pressure on the Agena-spacecraft is
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T, ~ 1.95x107° N-m = 1. 44x107° ft-Ib

~0
Ty

For 6 = 300, the roll and pitch torques from solar pressure on the Agena-spacecraft can

be approximated by

T, = 1.69x107° N-m - 2. 24x10™% cos(w’t + v) N-m

= 1. 25x1072 ft-1b - 1.65x107° cos(wkt +7) ft-Ib
T, = -9. 76x10~6 sin(w*t + ) N-m

= -7.2x1078 sin(w®t +7) ft-1b

It is evident from the previous calculations that the torques from solar pressure on
the Agena-spacecraft are an order of magnitude less than the torques from solar pres-
sure on the solar array. In addition, for & = 0, the Agena-spacecraft roll torque is
opposite in sign from the solar array roll torque. For o = 300, the constant components
of the roll torques are of opposite sign, while the pitch torques are 180° out of phase.
The approximations indicate that solar pressure torques on the Agena-spacecraft tend to
lessen the torques from the solar array. Thus, for crude analysis purposes, neglecting

the Agena-spacecraft solar pressure torques would provide a worst case.

Magnetics

The instantanecus magnetic torque on the satellite is given by
T=pxH (A17)

where p is the satellite dipole and H is the earth field vector. If p is given in
amperes-cm2 and H is oersteds, the torque is given in dyne-cm by

T=-1(xH) (A18)
10
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To find the torque in the body (principal) axis system, several coordinate definitions
and transformations are needed. We define an earth-centered inertial coordinate system
XI’ YI’ ZI with XI pointing toward the vernal equinox, ZI along the earth-spin axis,
and YI completing the right-handed set. We also define an earth-centered '""magnetic"’
coordinate system X YM, Zy With Xy, pointing toward the 0° longitude point on
the equator, ZM positive northward and rotated 18° from the earth-spin axis about X
and YM completing the right-handed set. The two coordinate systems are related by
the transformation:

M’

(o] 0O
X COp -8Q C18 sep s18° |1x
Y| = |seg Cop c18° -CQp s18°|l Y (A19)
o] (o]
zl; 0 S18 C18 A N

where QE is the inertial longitude of the Greenwich meridian.

Since the earth's field is an assumed dipole with axis ZM, we can express the field
at the location of the satellite in terms of two components. The axial component is that
component parallel to the dipole axis. The normal component is perpendicular to the
axial component and directed from the satellite toward the earth's dipole axis. Figure 11
shows the unit axial and normal vectors. When the unit vectors are defined in this man-
ner, reference 8 gives the magnitude of the axial and normal components in oersteds as

2
H =0 308 1-3cos™
ax 3
<r_c>
Rg

_ sin 2n
H orm = 0- 461 3

)

where 7 is the angle between the dipole axis and the radius vector to the satellite. The

= 2 2
|H| = vHax + Hyorm

magnitude of H is
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We now define an earth-centered orbit system XO, YO’ ZO such that XO is along
the line of nodes and positive toward the ascending node, ZO is positive along the orbit
angular momentum vector, and YO completes the right-handed set. The orbit and in-
ertial systems are related by

X (619) sQ 0 |IxX
Y| =]-8QCi CQ Ci Sif{ly (A21)
Z b SQ Si -CQ Si ci Lz);

Where © is the inertial longitude of the orbit ascending node and i is the inclina-
tion (i = 99. 1 for SERT T). The absence of a phase angle does not restrict the analysis.
The inertial, magnetic, and orbit coordinate systems are shown in figure 12. The refer-
ence axis system (defined previously) and the orbit system are related by

X -sin wot cos wot 011X
Y = 0 0 -1]1Y (A22)
Z R -coSs wot -sin wot 0 y/ o

The unit vector along the magnetic dipole axis is given in the magnetic coordinate
system as

jask
1
o

ax ~

Using equation (A19) f{ax in the inertial system is found to be
o
SQZ S18
2 o
Hax = —CQZ S18

c18°

Using equation (A21), H

ax in the orbit system is
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4

[ 518° (e, - ) )

el
|

0 . o
ax = ~-S18~ Ci C(QE - Q)+ 8SiCl18

s18° si C(2g - Q) + Ci c18°_j
Using equation (A23), f-Iax in the reference system is

[-Swot s18° S(Qp - Q) + Cw,t(-518° Ci C(Qg - Q) + Si C18°)

arld
1

0 o . o
ax -S18" Si C(QE -Q)-CiCl18

-Cut s18° S(Qp - Q) - Swot(—S18° Ci C(Qg - Q) + Si Cc189)

ad -l

or

a2
[}
ja s
()

Now in the reference axis system, the unit radius vector from earth center to the
spacecraft is given by

)
v}
1]

Thus, cos nn can be found by

cosn=H,, * rp=-Hy=Cu_t S18° S(Qp - Q) + Swot(—SIBO Ci C(Qg - 9) + 8i C189)
(A24)

The unit normal vector Hnorm’ as shown in figure 11, is perpendicular to f{ax and

directed from the satellite to the dipole axis. Thus, H sin np is given by

norm
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and

=e

norm Sin 7 =HaxX(HaxxrR)

- i

Hjorm Sinn =) -HaHy
2 2
Hj + HZ_J

where H;, H,, Hg are given in equation (A23).
Now, using equations (A20), (A23), (A24), and (A26), we find the earth's magnetic

field in the reference system:

— R3
HR=__E
r
c

or

H

0. 308 (1 - 3H§)H1 + 0. 922(- Hy)(-H, Hy)

0. 308 (1 - 3H§)H2 + 0. 922(-Hg)(-HyHa)

R

0.308(1 - 3H2)H, + 0. 922(-Hy)(H} + HY)

[ 2Y]
HI(O. 308 - 0. 002 H3)

3
- (§E> HZ(O. 308 - 0. 002 Hg)

rc
| Hg(0.614 - 0.002 Hy)

and since H3’ max = 1 we may approximate HR by

0. 308 Hy
3
— RE
Hp = <———— 0.308 Hy

-0.614 Hq

(A25)

(A26)

(A27)

(A28)

For the SERT II expected orbit parameters given in table I, equation (A28) becomes
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-0.0614 Sw t S(.QE - ) + Cuwt (0.00972 C(‘QE - 2)+ 0.1867)

o
[

R= -0. 0607 C(QE - ) +0.0299 (A29)
0.122 Cw_t S(QE - Q)+ Sw t (0.0194 C(QE - Q) +0.372)

Now, if the Euler angles are small, ﬁB ~ I_IR. If the satellite dipole is expressed
as

1
Tn =—|p H, - p H (A30)
B 10

where H,, Hy, H, are given by equation (A29).

For analysis purposes, equation (A29) may be approximated by

0. 1965 cos w’(")t
0.03 oersteds (A31)

0. 3915 sin w’gt

where we have approximated the instantaneous orbit rate w

w’g, let QE -Q = 900, and ignored the phase angles.

o by the average orbit rate

lon Thruster Misalinement

Figure 13 shows a schematic of the geometric and thruster axis systems. The
Xmo A YT A 2T, A system is the reference system for the aft ion thruster. Similarly,
the X F: yr F: Zp p system is the reference system for the fore thruster. In both
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thruster reference systems, the Xp axis is directed through the center of mass. The
desired thrust direction is along Xrp-

The thrust misalinement is found in terms of the & and B angular errors defined
by figure 13. The x', y'', z'' system is related to the Xps Vs Zep system by:

X CaCgB -Ca SB Sa lfx"
vy| = Sp CB 0 Wy (A32)

Zlp -Sa CB Sa S8 Callz

It is assumed that the true ion engine thrust is along the x'" axis, and thus,

F
Fr=|0 (A33)
0
Using equation (A32) we find F in the thruster reference system:
FCaCB
Fp=| Fsp (A34)
-F Sa CB

Now the thruster reference system is related to the geometric system by

where lx and Zz are defined in figure 13 and their values given in table II. Using

equation (A35), the thrust in the geometric system is

) [ - .
X | % 0 —2z X7
‘/2 2 2 2
ZX+ZZ ZX+ZZ
vl = 0 1 0 Y (A35)
) )
—‘fELz —‘*‘fz—x—z 2
i Zx+lz lx+lzd
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[ -1, FCaCB-1,F SaCB
Vi2: .2
ly+i,

Fg = F S8 (A36)

-lZF Ca CB + ZXF So CB
‘/ 2 2
i ZX+ZZ J

The radius vector to the point of thrust application is given in the geometric system as

|
()]

n

o

Thus the torque due to thrust misalinement in the geometric system is

[ -1, F sin 8 B
T, = -FVZ2+Zzsin « cos B (A3T)
G~ X z
| le sin 8 _J

Thus, using equation (1) we find the principal axis torques due to thrust misalinement
are

T-LZF sin 8 + 0. 001 F‘/ziug sin a cos g +0.0024 FI_ sin

- 2 2 . .
Tg = | -0. 001 FlzsmB-Fv1x+lzsmacosﬁ+0.008 L F sin (A38)

| 0.0024 2 ,F sin g - 0. 008 F{zf{ugsin o cos f+1_F sin g |
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B=7-

APPENDIX B

MAGNETIC DIPOLE MOMENT MEASUREMENTS ON THE SERT IT
SPACECRAFT AND SSU

To permit the determination of the magnetically caused disturbance torques acting
on SERT I, it was necessary to obtain an estimate of the net magnetic dipole moment of
the satellite in-its orbital configuration. This configuration can be separated into two
parts for purposes of discussing the magnetic measurements which were made. The
first part comprised the Agena stage and the solar array, for which estimates of the
residual dipole moments were obtained from the Agena contractor. The second part con-
sists of the spacecraft (S/C) and spacecraft support unit (SSU), which were either fabri-
cated or integrated at Lewis and were, therefore, available for magnetic testing. The
remainder of this discussion is concerned with measurements made on this latter part
of the orbital configuration.

Because the ion thrusters each contain several permanent magnets, it was expected
that they would represent the largest single contributor to the net magnetic dipole mo-
ment, An experimental setup was, therefore, devised to measure this dipole (see
sketch a). The setup consisted of a large-diameter coil of copper wire of essentially

;- Support frame —~~

/
_—Thrust wire ——

Front view Side view
(a)

zero length., The thruster was suspended by a rorsion wire so that the center of the ef-
fective magnetic dipole was as close to the center of the coil as possible. The entire
setup was alined with the coil plane vertical and perpendicular to magnetic north. When
a current of the proper polarity was passed through the coil, the period of oscillation of
the suspended thruster was given by

r =2 ! (B1)

Kw + 1078 pT(HC + HE)
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where

HE horizontal magnetic field intensity component of the earth, oersteds

HC magnetic field intensity due to current at center of coil, oersteds

I moment of inertia of suspended assembly, kg-m2
KW torsional spring constant of suspension wire, N-m/rad
P magnitude of magnetic dipole moment of thruster, A-cm2

With no current in the coil, the period is given by

=27 / I (B2)
..8 .
VKW +1078 p

Combining equations (B1) and (B2) gives

The value of KW was obtained by suspending a known moment of inertia from the
wire and observing the period. This method was used to obtain the value of the dipole
moment of a flight prototype thruster by suspending it in turn about each of the three
principal axes. The dipole was found to be very nearly parallel to the thrust axis of the
thruster and to have a magnitude of about 23><104 ampere—cmz. (One A-cm2 normal to a
magnetic field intensity of 1 Oe has 1078 N-m of torque exerted on it.)

Measurements on Overall Spacecraft-SSU

Because of its large size and weight, methods which required dynamic motion of the
S/C-SSU combination, such as the torsion wire method previously described, were felt
to be impractical. Instead, it was decided that field measurement techniques would be
used to obtain a value for the overall magnetic dipole moment of the combination.

The magnetic field intensity along the axis of a magnetic dipole is given by the fol-
lowing expression:
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T m——

H= 2pr -
? - 12)

where p is the magnitude of the magnetic dipole moment, r is the axial distance from
the center of the dipole to the point of measurement, and ! is the length of the dipole.
I ! is assumed to be small compared to the measurement distance, a very simple ex-
pression results for the magnetic intensity:

H = 2P

3

Thus, if the spacecraft is assumed to contain a single dipole of negligible length, an es-
timate of the magnitude of that dipole can be obtained by measuring the magnetic inten-
sity at a specified distance. This method was used to determine the dipole magnitude for
the SERT II S/C-SSU combination.

In the actual case, the S/C-SSU contains not one but several magnetic dipoles, each
located in a different place within the combination. If the measurement distance is made
sufficiently large, however, the dipole magnitude determined will be that of a single
equivalent dipole. Since the torques produced by the interaction of the earth's magnetic
field with each of the actual dipoles are vectorially additive, determination of the mag-
nitude of the single equivalent dipole is sufficient to establish the values of magnetic
torque acting upon the satellite.

The S/C-SSU combination was mounted in a fixture which allowed it to be both
rotated about all three principal axes and translated horizontally. A sensitive magne-
tometer was mounted on a tripod with the probe sensitive axis horizontal. The measure-
ment procedure was as follows: With an S/C-SSU principal axis in line with the mag-
netometer probe and as far from it as possible, the magnetometer was set to its most
sensitive scale and any ambient field readings were biased out. The S/C-SSU combin-
ation was then moved toward the probe until a specified field reading was obtained. The
distance from the center of the combination to the center of the probe was measured.

The combination was then moved away as far as possible, rotated through 180° to orient
the negative of the same principal axis toward the probe, and the preceding steps re-
peated. This procedure was repeated for the other two principal axes. Both positive and
negative readings were taken on each principal axis to account for any offset of the cen-
ter of the equivalent dipole from the center of the S/C-SSU combination. The positive
and negative distance readings were averaged.
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Results

The torsional pendulum setup was used to determine the magnetic dipole moment of
a flight prototype thruster, since these were expected to be the largest single contributor
to the net dipole moment. The values obtained for this thruster are shown in table III.
Also measured were several of the individual bar magnets which are used in the thrust-
ers themselves. The values obtained for these magnets averaged to about 3. 4><104
ampere—cmz. As can be seen from the table, the main thruster dipole moment is es-
sentially parallel to the thrust axis and has a magnitude of approximately 2. 3><105
ampere-cmz. With the two thrusters mounted on the spacecraft in their nominal orien-
tations, the thruster magnets have their N-poles alined toward the thruster exit on the
orbit-raising thruster, while the N-poles are alined away from the thruster exit for the
orbiting-lowering thruster. With this configuration, the net yaw-axis component is
zero, while the net roll-axis component is about 7. 6><104 ampere-cmz. To reduce the
residual roll dipole to near zero, two thruster magnets having a total dipole of 6. 8><104
ampere-cmz, were attached to the S/C parallel to the roll axis.

As a check on these results, the field measurement method was used to again deter-
mine the dipole magnitude of the flight prototype thruster, as well as the actual flight
thrusters and the overall S/C-SSU combination. The results of these determinations
are also presented in table HI. It will be seen that the prototype value obtained by this
method is about 22 percent higher than that obtained using the torsional pendulum setup.
It is felt that the field measurement technique produces the more accurate value, and
that the difference can be mainly attributed to the nonlinearity of the magnetic field
lines for points outside the coil plane. In any case, the values are sufficiently close
that assurance was gained as to the adequacy of the dipole compensation previously de-
scribed.

Measurements were made on the spacecraft-SSU combination in both the unpowered
and powered configurations, to determine the contribution of any uncompensated current
loops to the overall dipole. As can be seen from table III, these values are quite small
compared to those which arise from permanent magnetism. It can also be seen that
compensation by the two thruster magnets in the roll axis is adequate, although not as
good as originally expected. This also indicates that the field measurement technique
produced a more accurate value for the thruster dipole.

The values received from the Agena contractor for the Agena vehicle and solar ar-
ray dipoles were 6. 0><104 and 1. 5><104 ampere-cm®“, respectively. No polarities were
provided with these numbers and so they were assumed to add in worst-case fashion.
Finally, an estimate based on solar array circuit diagrams indicated a solar array di-
pole component of 4><103 ampere—cm2 along the pitch axis. When these numbers are
added to those obtained for the S/C-SSU combination, the following (worst case) totals

were obtained:
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(1) Roll: -9. gx104 A-cm2

(2) Pitch: -8.2x10% A-cm?

(3) Yaw: -9. 8x104 A-cm2

In summary, it can be stated that, while the methods just described did not provide
the magnetic dipole values with great accuracy, the estimates obtained yielded assurance

that magnetic disturbances would be relatively small and would not compromise the suc-
cess of the mission.
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APPENDIX C

SERT IT EQUATIONS OF MOTION

It will be convenient for linearization to relate the reference axis system and the
body (or principal) axis system in terms of Euler angles. The three sequential rota-
tions required to find the body axes are shown in figure 4. The rotation about Zr isa
yaw angle i; the rotation about y' is a pitch angle 6; and the rotation about x'' isa
roll angle ¢. The reference and body systems are related by

X Cy C9o Sy Co -So X
y|={Cy 86 Sp - Y Co Cy Co + SO Y Sg CoSp|lY (C1)

Z Cy S0 Co + S Sp Sy S6 Ce - Cy S Co Co ZR

The inertial body angular rates can be expressed in terms of Euler angles, Euler
angle rates, and the rotation rate of the reference axis system (orbit rate).

we=¢ -¥ sinf - w_ siny cos 6 (C2a)
Wy = 8 cos © + 1,[/ cos 8 sin ¢ - w (cos ¥ cos ¢ + siny sin 0 sin @) (C2b)
w, = -6 sin ¢ + cos 6 cos ¢ - wo(—cos Y sin ¢ + sin Y sin § cos @) (C2¢)

The satellite dynamics are expressed by Euler's equations of motion:

| w +w w (IZZ Iyy) =Ty (C3a)

Iyyw + W W (]xx IZZ) = Ty (C3b)

I, w + wxwy(lyy Ixx) =T, (C3¢)
.th

where Ijj is a principal moment of inertia and Tj is an external torque about the j

axis.
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Gravity-Gradient Torques (Ref. 9)

Assuming a body in earth orbit is attracted by an inverse-square gravitational force
field, the force on a differential mass dm due to the external gravitational field is

dF = -t rdm=-4£ (r_ +p')dm (C4)
) r3 r3
where
w product of gravitational constant and earth mass
T radius vector from earth center to dm
?c radius vector from earth center to satellite center of mass
E' vector locating dm with respect to the center of mass

and ;, ;c’ E' are shown in figure 14.
The differential torque about the center of mass is

dT =p' X dF
ng p dF (C5)

and the total gravity-gradient torque is

dm (C6)

1-¢c P (c7

Now since
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equation (C6) becomes

- 8ro P\ - _
T =-A4 1-——|(p' Xr_)dm (C8)
gg 3 ) c
r, - r,

From figure 14, we note that in the i, j, k system
E' = xE +vyj+zk

r, = rc(ai +bj + ck)

Now, substituting these expressions into equation (C8) gives

T =-4 1 -3(x +by+cz) [(cy - bz)E + (ax - cx)} + (bx - ay)lAc]dm
gg 2 r, (C9)
¢ ¢m

Now choosing i, j, k to be the principal axes of the body, the following relations hold:

.[n xdm=./n; ydm:\A‘ zdm =0
4 xydm:é xzdm:_éyzdm:O

2 2
'4 (y —z)dm=IZZ—Iyy

4 (z2 - xz)dm =L,-1L,

2 2.
/(x —y)dm—Iyy—IxX

m
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Thus equation (C9) becomes

- =.§.H. _ ~ _ “ _ -
Tgg =% [bc(IZZ L i+ ac(ly - 1,,)i + ab(l,y IXX)k] (C10)
r
(64

Since a, b, ¢ are the direction cosines of r, in the principal axis system, using

equation (C1) and remembering that T c is along the -ZR axis we find

a=sin6

oy
1]

-cos 8 sin @

(¢
1]

-cos g cos @
and
be = cosze sin ¢ cos @
ac = -sin 8 cos 8 cos ¢
ab = -sin 6 cos 6 sin ¢

Thus the gravity-gradient torque may be expressed in terms of Euler angles as

(IZZ - Iyy)cosze sin @ cos @
Egg =34 ~(Ly - I,,)sin 6 cos 6 cos ¢ (Cl1)
3
r
¢ —(Iyy - I )sin 6 cos 6 sin ¢

For an eccentric orbit, r, can be expressed as

_a(l-e?
1+ecos¢

Te

where

e orbit eccentricity
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a semimajor axis

& true anomaly

For the SERT 1II orbit, e is small, so the quantity u/rg can be approximated as

= w*2<1 + 3e cos w*t>
3 0 )
Te

where

and the time of perigee passage t is equal to 0.

Control Moment Gyros

As shown in figure 5, the CMG reference axes and the body (principal) axes can be

related by
ORA, 0 0 0 b
SRA; | =10 ~COS @y -sin Pai |}V (C12)
IRA, 0 sin Poi -cos Poi] L2

where

_ o}
9gq = +28° (CMG 1)
Pga = -28°% (CMG 2)

Since the CMG's are single-degree-of-freedom gyroscopes, the instantaneous true
spin and input axes are related to the CMG reference axes by
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OA. 1 0 0 ORA;

SA; | =0 cos 0; sin o, SRAi (C13)

IAi 0 -sin o; cos 0; IRAi
where 05 is the CMG gimbal angle of the ith cMG and is positive for a positive ro-
tation about the output axis.

The CMG equations of motion may be expressed as

Ji&i +¢;0; + K,0; = wyphy + op b+ 7 (C14)
where
3 gimbal inertia of i CMG
¢ damping coefficient of i' CMG
K, spring constant of ith CMG
hy angular momentum of ith CMG
WiA{ true input axis rate of th CMG

i drift rate of i CMG

rpgi  Programmed torque generator torque of i™ CMG
Equation (C14) may be approximated by
“i% * Ki% = paifi * TrGi (C15)

In equation (C15) we have neglected the CMG inertia and the drift rate. The inertia
adds a negligible phase lag to the CMG response, and the drift rate in near zero grav-
ity may be neglected.

Now using equations (C12) and (C13) we can solve (C15) for &i:

K;0; , TTGi

¢ ¢4

O’i-

h,
1 . . s N
+ :[wy(cos Pgy Sin 0 + 8in @4 cos cr.l_) + wz(sm Pgy SID o, - cos Pgi cos Gi)]
i
(C1e6)
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Considering the CMG's as sources of external torque on the satellite, the torque
on the body from the CMG's may be expressed in the body axis system as

Using equations (C12) and (C13), we find the CMG angular momentum in the body

system
0
h = h; l-cos Pgi cos 0; + sin Pgi sin o;
-cos 0 sin gogi - sin 0; cos g[)gi
so
[ 0
-ﬁ = hic'ri ~COS @ sin o; - sin Pgi COS T} (C18)
--sin q”gi sin 0; + cos gogi cos 0;

and

cuz(—qugi Coj + Sy So.) - wy(—Coi S¢gq = 50 Cgagi)

-w X h =h, u)x(-Ccri Sgogi - So; qugi) (C19)

—wx(-Cgogi Co; + Sgogi So;)
Summing equations (C18) and (C19) gives the CMG torques:

cuz(-Cgogi Co; + Sgogi So;) - wy(-Ccri S¢gi - So; Cgogi)

Tomai = 1| 9i(-Cogi 595 - Segy Coyp) + wy (-Coy Spyy - S0y Coy) (C20)

cri(-Sgogi So; + qugi Co;) - (.L)X(-qugi Co; + Sqagi Scri)J

CMG nonlinearities such as stiction, torquer fade, and drift rate are small (as
shown in table I) and may be neglected in this analysis. These nonlinearities are in-
cluded in the simulations.
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. Fre

Linearized Equations of Motion

The linearized equations of motion are found by assuming that body and CMG
angles and rates are small. Equations (C2) may be linearized as follows:

Wy = o - w W (C21a)
wy =0 - w, (C21b)
w, =Y + w @ (C21c)

where

- ot *
w = wo(l + 2e cos wot)

Linearizing the derivatives of (C21) gives

W, =@ - Wi (C22a)
c'oy =6-w, (C22b)
cbz = + w’gqb (C22¢)
where
cbo = -2e w(’)"z sin w¥t

Equations (C11) may be linearized for small eccentricity:

Tygx = ~3h ATy - 1,0 (C23a)
2

Tooy = -3(wh) (L - 1,,)0 (C23b)
, _

Togy = -3(wy) (Iyy = L 09 (C23c)
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If it is assumed that hy = hg = h, that Cy= Cy =C, and that o; is small, then
using equations (C20), the total linear CMG torques are

Tomax = -1 [21,0 cos 28° + Zw’gq) cos 28° + w’(’; cos 280(01 + 02)] (C24a)
TemGy = -h(6; - 0)sin 28° (C24b)
Tomagz = 107 + 6p)cos 287 + 2hp cos 28° - 2hw*y cos 28° (C24c)

Using equations (C16), we find

Erl + &2 =~ l_cl[w*o((crl + 0g)cos 28° + 2 cos 28° + 2w>:)q0 cos 280] (C25a)
Gy - 6o =224 sin 28° - w*(o; - o,)cos 28° - dew* sin 28° cos w*t (C25b)
1 27 c o\l 2 0 0

where the torquer torque is
— ~hw¥* ai
TG = ~h@o Sin @y
Substituting equations (C21), (C22), (C23), and (C24) into equations (C3) gives
SR ; %2
Ixx(qp - wow) + (0 - wo)(z,b + wogo)(IZZ - Iyy) + 3(wo) (Iyy -1,)e
+ h[ZI,U cos 28° 4+ Zw"(‘)go cos 28° + w’g(al + 0g)cos 280] =T, (C26a)

Ly - @g) + (@ - 0 )@ + 0 @)Ly - L) + 3@H AL, - 1,.)0

+ h(d; - &,)sin 28° = T, (C26b)
v . . i . o
Izz(l,l/ + woqo) + (@ - woz,l/)(e wo)(Iyy IXX) + 2hw0z,l/ cos 28
- h(d; + &g)cos 28° - 2h¢ cos 28° = T, (C26¢)
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The second terms of equations (C26a) and (C26c) give rise to the Euler cross-coupling
terms. When linearized, the expressions are similar to the gravity-gradient torque

terms. Considering the cross-coupling torques as external, the linearized forms are

T

= @50, - 1,,)

=0
TY

T

]

2= -2l - 1)

Equations (C26) may be linearized further and together with equations (C25) completely
describe the vehicle motion:

s *y2 * o) A o)
L@+ [4(wo) (Iyy - IZZ) + 2hw cos 28 ] +y [wo(Iyy ol IZZ) + 2h cos 28 ]

+ hw’g(ol + Uz)cos 289 = T, (C27a)

.. *y 2 _ *y 2 ; * : : . o
Ioy0 + 3(wo) (L - 1,,)0 + 2e(w)) Loy sin it + h(o; - 0,)sin 28° = T (C27b)
Izz{p + w[(w’g)Z(Iyy - 1)+ 2hw’g cos 280] + go[lxx +1,, - Iyy)w’('; - 2h cos 280]

- h(oy + &z)cos 28° = T, (C27¢)

Gy +Gg = - %[w"o‘(cl + 0g)cos 28° + 2 cos 28° + 2wg cos 280]

gy - c'rz = %[Zé sin 28° - w:;(ol - crz)cos 280 - 4ew’g sin 28° cos w’gt]

Neglecting initial conditions, the Laplace transformations of equations (C27) can be
expressed as
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[ 2 2 1M .11 2 Wy
* - hs sin 28° 0 T_(s) - 2e(w™)“I 0
Iyys + 3(w0) (IXX Iyy) s sin (s) y( ) e(wo) 7S "
5° + (0¥)
o
-2hs sin 28° cS + hw’g cos 28°|]o'(s) -4hew"(; sin28° ——S
2 *y 2
| J _J L S + (wo) J
and
IXst + 4w;(1yy -L) ¢ Zhw’:) cos 28° S[wz(lyy - Ly - 1,,) + 2h cos 230] hw? cos 28° @(s) T (s)
s[:.u"c‘)(lXX +1, - Iyy) - 2h cos 280] Izzsz+2hw’gcos 28°+(m’;)2(1yy -1 -hs cos 28° wis) | = [T (s)
2hw’g cos 28° 2hs cos 28° cs + ho¥ cos 28°| | o1(s) 0

where
o' = 01 - 02

o' = o
91+ 9
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APPENDIX D

SATELLITE SIMULATION

The satellite dynamics were simulated on both analog and digital computers.

Analog

The analog simulation involved rotational dynamics only. Two EAI 231 R-V com-
puters were used for the simulation, which included all torques except magnetic torques.
Solar pressure and eccentricity effects could be included without knowledge of the actual
spacecraft position.

The analog program was fast and easily adaptable. The studies performed using
this program included general stability studies, satellite response to ion thruster oper-
ation, and sensitivity to CMG parameters.

Digital

The digital simulation was performed on an IBM 7094-7044 Direct Couple system.
The integration scheme was a fourth-order Runge-Kutta method including variable step~
size and error control. The simulation included orbit dynamics and was used to study
satellite response to magnetic torques. The program was also used to verify analog
program results.

Sketch (b) shows a general block diagram applicable to both analog and digital sim-
ulations. The digital simulation includes all blocks shown. The analog simulation does
not include satellite position simulation or magnetic torques.
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APPENDIX E

SYMBOLS

area, m?2 (ftz)
semimajor axis, m (ft)
direction cosines of ;c
cosine

damping constant of ith CMG, (N)(m)(sec)

eccentricity

force, N (Ibf)

earth magnetic field intensity vector, Qe

horizontal component of ﬁ, Oe

length of Agena/spacecraft/spacecraft support unit, m (ft)

angular momentum of ith CMG, (N)(m)(sec)

moment of inertia, kg-m2

true input axis of ith CMG
.th

input reference axis of i CMG

satellite moments of inertia: i =x,y,2; j =x,v, 2, kg—m2

inclination, rad (deg)
th cMG, kg-m?

spring constant of ith CMG, N-m/rad

gimbal inertia of i

torsional spring constant, N-m/rad

component of thruster location along x axis, m
component of thruster location along z axis, m
mass, kg

unit vector normal to area
true output axis of ith CMG
th cme

solar pressure, N/m2 (lbf/ftz)

output reference axis of i

reflectivity

Y
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radius of earth, m

Agena radius, m (ft)

radius vector from earth center to satellite differential mass dm, m (ft)
moment arm from satellite center of mass to point of force application, m (ft)
radius vector from earth center to satellite center of mass, m (ft)

sine

true spin axis of ith CMG

th

true reference spin axis of i~ CMG

unit vector from satellite to sun

torque, N-m (ft-1bf)

time, sec

thruster pitch misalinement, rad (deg)

angle between -j axis and dA in i-j plane, rad (deg)

thruster roll misalinement, rad (deg)

instantaneous apparent sun declination referenced to satellite, rad (deg)

phase angle referencing the reference and Xp, Yy, Zi3 axis systems in time,
rad (deg)

apparent sun declination in the Xi,, Yy, Z., axis system, rad (deg)
B’ "B’"B

true anomaly, rad (deg)
angle between earth magnetic dipole axis and radius vector to satellite, rad
(deg)

pitch angle, rad (deg)

product of universal gravitation constant and earth mass, m3/ sec2

satellite magnetic moment vector, A—cmz

thruster magnetic moment vector, A—cm2

vector location of differential mass dm with respect to satellite center of

mass, m (ft)

gimbal angle of ith CMG, rad (deg)

programmed torquer torque of ith CMG, N-m

roll torque
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Subscripts:
A

ax

B

C

CMG

cc

F

G

GX, GY, GZ

gg
I

M
max
norm
o

R

S

ss

step

x, y,z

mounting angle of ith CMG, rad (deg)

yaw angle, rad (deg)

inertial longitude of orbit ascending node, rad (deg)
inertial longitude of Greenwich, rad (deg)

inertial body rate vector, rad/sec (deg/sec)
instantaneous orbit rate, rad/sec (deg/sec)
average orbit rate, rad/sec (deg/sec)

th

drift rate of i~ CMG, rad/sec (deg/sec)

input axis rate of ith CMG, rad/sec (deg/sec)

aft

axial magnetic component

body (principal) axis system
coil

control moment gyro

cross coupling

fore

geometric axis system
geometric axis system components
gravity gradient

inertial axis system

magnetic axis system

maximum

normal magnetic component
orbit axis system

reference axis system

sun axis system

steady-state frequency response
steady-state step response
thruster axis system

body (principal)-axis-system components
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10 D 8.5832x103

L 10. 9451x103

D 2.7469x10°
Spacecraft mass, Kg . . . .« v i i i i i e e e e e e e e e e e e e, 1. 4349><103
Semimajoraxis, m . .. . ... ... 00l e e 1. 3'{8x106 (expected)
Eccentricity . . . . . . . . ¢ ¢ it 0t i ... 0. 005 (expected) 0. 0003 (measured)
Inclination, deg . . . . . . v ¢ v v v v i b vt e .. 99. 1 (expected) 99. 135 (measured)
Ton thruster thrust, N « o v v v v v v o ot et et e e e e 2. 758x10"2
Fore thruster location from center of mass, m:

Along z axisS . . . . L . L s e e e e e e e e e e e e e e e e e e e e e +2. 8417

Along X axiS . . . 0 . i s e e e e e e e e e e e e e e e e e e e e e e e e e +0. 536
Aft thruster location from center of mass, m:

AlONg 2 aXiS . . . 4 v vt i et e e e e e e e et e e e e e e e e e e e e e e e +2. 847

Along x axis . . . . i i e e e e e e e e e e e e e e e e e e e e e e e e e -0.536
Solar array area, m2 (ftz) ........................... 17.65 (190)
Cross-sectional area of Agent (SSU and S/C), m2 (ftz) ............ 9.01 (97)
Reflectivity of solar array . . . . . . . . . . ¢ v v i it e e s e e e e e e e e 0.2
Reflectivity of Agena . . . . . . . . . L L e e e e e e e e e e e e e e e e e 0.8

TABLE I. - SERT II SPACECRAFT AND ORBIT PARAMETERS

Inertia, kg-m?2:

TABLE II. - CONTROL-MOMENT-GYRO PARAMETERS

Angular momentum, h, (N){(m)(sec) . . . . . . . . . .. oo 4.5
Damping constant, ¢, (N)(m)(sec) . . . . . . . . . . v v v v 2.25t04.5
Spring ComStAnt? . L L L e e e e e e e e e e e e e e 0.0
Torquer torque, N-m . . . .. .. ... .. e e e e e e e e e e e e e e e e 2. 11><10'3
Torque fade?, N-m/AeZ . « « v v v v v v e v et e e e e e 8.7x1078
SHCHON, NoTl o« v v v e e e e e e e e e e e e e e e 1. 63x107°
DEEL, Nof o« o o v v e e e e e e e e 3. 25x10°
Mounting angles (spin reference axes location from negative pitch

axis in yaw-pitch plane), Pgs deg . .. .. e e e e e e e e e e e 128
Gimbal stops, deg from spin referenceaxes . . . . . . . . . . . ¢ . . oo e .. +30

Tli'I‘a:tiuer fade acts as a very light spring in the CMG Since spring constant is essen-
tially zero, CMG behaves as rate-integrating gyro with a large angular momentum.
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TABLE II. - MAGNETIC DIPOLE MOMENTS

(a) Thrusters

Torsional | Field meas-
pendulum urements

Magnetic dipole moment,

A-cm2
. 4 4
Flight prototype | 22.7x10 27. 710
Flight thruster 1| -------- 27.5
Flight thruster 2| -------- 26.6

(b) Spacecraft and spacecraft
support unit

Permanent| Current loop

dipole dipole
Magnetic dipole moment,
A—cm2
Roll axis -2. 21x104| 0. 10x10*
Pitch axis -1.11 .35

Yaw axis -2.33 .25
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Figure 1. - General arrangement of SERT II spacecraft/Agena D.
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Figure 2. - SERT II spacecraft vehicle coordinate system in orbit viewed from sun for spring launch and sunset
orbit injection.
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XR, YR, ZR - reference axis system

Figure 4. - Reference and body (principal) axis coordinate systems.
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Figure 6, -Worst-case predicted response and flight data.
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Figure 9. - Apparent sun position,
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Figure 11, - Unit axial and normal field vectors in the magnetic
coordinate system.

Figure 10. -The i, j, k coordinate system.
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Figure 14. - General body in an inverse-square
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NASA SCIENTIFIC AND TECHNICAL PUBLICATIONS

TECHNICAL REPORTS: Scientific and
technical information considered important,
complete, and a lasting contribution to existing
knowledge.

. 'I:ECHNICAL NOTES: Information less broad
in scope but nevertheless of importance as a
cofgribution to existing knowledge.

TECHNICAL MEMORANDUMS:

“Information receiving limited distribution

because of preliminary data, security classifica-
>, tion, or other reasons.

- GONTRACTOR REPORTS: Scientific and

- techniéal information generated under a NASA
*# contract or grant and considered an important
- comr(bunon to existing knowledge.

TECHNICAL TRANSLATIONS: Information
- published in a foreign language considered
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SPECIAL PUBLICATIONS: Information
derived from or of value to NASA activities.
Publications include conference proceedings,
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sourcebooks, and special bibliographies.

TECHNOLOGY UTILIZATION
PUBLICATIONS: Information on technology
used by NASA that may be of particular
interest in commercial and other non-aerospace
applications. Publications include Tech Briefs,
Technology Utilization Reports and

Technology Surveys.
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